Introduction
In modern engineering applications, multilayer components are extensively used due to the added advantage of combining physical, mechanical, and thermal properties of different materials. Many of these applications require a detailed knowledge of transient temperature and heat-flux distribution within the component layers. Both analytical and numerical techniques may be used to solve such problems. Nonetheless, numerical solutions are preferred and prevalent in practice, due to either unavailability or higher mathematical complexity of the corresponding exact solutions. Rather limited use of analytical solutions should not diminish their merit over numerical ones; since exact solutions, if available, provide an insight into the governing physics of the problem, which is typically missing in any numerical solution. Moreover, analyzing closed-form solutions to obtain optimal design options for any particular application of interest is relatively simpler. In addition, exact solutions find their applications in validating and comparing various numerical algorithms to help improve computational efficiency of computer codes that currently rely on numerical techniques.
Although multilayer heat conduction problems have been studied in great detail and various solution methods-including orthogonal and quasiorthogonal expansion technique, Laplace transform method, Green's function approach, finite integral transform technique ͓1-11͔-are readily available; there is a continued need to develop and explore novel methods to solve problems for which exact solutions still do not exist. One such problem is to determine exact unsteady temperature distribution in polar coordinates ͑r , ͒ with multiple layers in the radial direction.
Salt ͓12,13͔ addressed time-dependent heat conduction problem by orthogonal expansion technique, in a two-dimensional composite slab ͑Cartesian geometry͒ with no internal heat source, subjected to homogenous boundary conditions. Later, Mikhailov and Ozisik ͓14͔ solved the 3D transient conduction problem in a Cartesian nonhomogenous finite medium. More recently, Haji-Sheikh and Beck ͓15͔ applied Green's function approach to develop transient temperature solutions in a 3D Cartesian two-layer orthotropic medium including the effects of contact resistance. Lu et al. ͓5͔ developed a novel method by combining Laplace transform method and separation of variables method to solve multidimensional transient heat conduction problem in a rectangular and cylindrical multilayer slab with time-dependent periodic boundary condition. The treatment in the cylindrical coordinates is, however, restricted to the r -z coordinates. Eigenfunction expansion method is applied by de Monte ͓16͔ to solve the unsteady heat conduction problem in a two-dimensional two-layer isotropic slab subjected to homogenous boundary conditions. Feng-Bin Yeh ͓17͔ applied the method of separation of variables to solve plasma heating of a one-dimensional two-layer composite slab with layers in imperfect thermal contact.
The brief review of relevant literature is by no means exhaustive. However, a literature survey showed that the analytical solution for unsteady temperature distribution in a multilayer annular geometry has not yet been developed. Recently, an exact solution based on the separation of variables method is developed by Singh et al. ͓18͔ for multilayer heat conduction in polar coordinates. However, that exact solution is applicable only to domains with pie slice geometry ͑ Ͻ 2, where is the angle subtended by the layers͒. Numerous applications involving multilayer cylindrical geometry require evaluation of temperature distribution in complete disk-type ͑i.e., =2͒ layers. One typical example is a nuclear fuel rod, which consists of concentric layers of different materials and often subjected to asymmetric boundary conditions. Moreover, several other applications including multilayer insulation materials, double heat-flux conductimeter, typical laser absorption calorimetry experiments, cryogenic systems, and other cylindrical building structures would benefit from such analytical solutions. This paper extends the solution approach developed by Singh et al. ͓18͔ for such applications and presents an analytical double-series solution for the time-dependent asymmetric heat conduction in a multilayer annulus. Solution is valid for any combinations of time-independent, inhomogeneous boundary conditions at the inner and outer radii of the domain. The results for an illustrative problem involving a three-layer annulus subjected to asymmetric heat-flux are also presented.
Mathematical Formulation
Consider an n-layer annulus ͑r 0 ഛ r ഛ r n ͒, as shown schematically in Fig. 1 . All the layers are assumed to be isotropic in thermal properties and are in perfect thermal contact. Let k i and ␣ i be the temperature independent thermal conductivity and thermal diffusivity of the ith layer. At t = 0, each ith layer is at a specified temperature f i ͑r , ͒ and time-independent heat sources g i ͑r , ͒ are switched on for t Ͼ 0. Both the inner ͑i =1, r = r 0 ͒ as well as the outer ͑i = n, r = r n ͒ surfaces of the annulus may be subjected to any combination of temperature and heat-flux boundary conditions. ͑Since perfect thermal contact between the adjacent layers is seldom observed in real materials, dealing with imperfect contact would require explicit modeling of the thermal resistance at the layer interfaces ͓11,17,19͔. For such cases, the temperature at the contact interfaces will not be continuous.͒ Under these assumptions, the governing heat conduction equation along with the boundary and initial conditions are as follows. Governing equation ͑for r i−1 ഛ r ഛ r i , 0ഛ ഛ 2, and t Ͼ 0, where i =1,2, . . . ,n͒:
Boundary conditions:
• Inner surface of the first layer ͑for 0 ഛ ഛ 2 and t Ͼ 0͒
• Outer surface of the nth layer ͑for 0 ഛ ഛ 2 and t Ͼ 0͒
• Periodic boundary conditions ͑for r i−1 ഛ r ഛ r i and t Ͼ 0, where i =1,2, . . . ,n͒
• Interface of the ͑i −1͒st and the ith layer ͑for 0 ഛ ഛ 2 and t Ͼ 0, where i =2, . . . ,n͒
Initial condition ͑for r i−1 ഛ r ഛ r i and 0 ഛ ഛ 2, where i =1,2, . . . ,n͒:
Boundary conditions either of the first, second, or third kind may be imposed at r = r 0 and r = r n by choosing the appropriate coefficients in Eqs. ͑2͒ and ͑3͒. However, the case in which B in and B out are simultaneously zero is not considered. In addition, asymmetric boundary conditions can be applied by choosing -dependent C in and C out . Furthermore, multiple layers with zero inner radius ͑r 0 =0͒ can be simulated by assigning zero values to constants B in and C in in Eq. ͑2͒. It should be noted that the formulation presented in this paper only applies toward timeindependent boundary conditions and/or source terms due to the limitation of the separation of variables method. This solution methodology cannot be extended to include the effects of timedependence in boundary conditions and/or sources. Such problems can be solved analytically using the finite integral transform technique ͓20,21͔.
Solution Methodology
In order to apply the separation of variables method, which is only applicable to homogenous problems, the nonhomogenous problem has to be split ͓21͔ into: ͑1͒ homogenous transient problem, and ͑2͒ nonhomogenous steady-state problem. This is accomplished by splitting T i ͑r , , t͒ in the governing Eqs. ͑1͒-͑8͒ as T i ͑r , , t͒ + T ss,i ͑r , ͒, where T i ͑r , , t͒ is the "complementary" transient part and T ss,i ͑r , ͒ is the steady-state part of the solution.
Homogenous Transient Problem.
Homogenized complementary transient equations corresponding to Eqs. ͑1͒-͑8͒ are as follows.
Governing equation ͑for r i−1 ഛ r ഛ r i , 0ഛ ഛ 2 and t Ͼ 0, where i =1,2, . . . ,n͒:
A out ‫ץ‬T n ‫ץ‬r ͑r n ,,t͒ + B out T n ͑r n ,,t͒ = 0 ͑11͒
• Interface of the ͑i −1͒st and the ith layer ͑for 0 ഛ ഛ 2 and t Ͼ 0 where i =2, . . . ,n͒ 
Initial condition ͑for r i−1 ഛ r ഛ r i and 0 ഛ ഛ 2, where i =1,2, . . . ,n͒: 
• Inner surface of the first layer ͑for 0 ഛ ഛ 2͒
• Outer surface of the nth layer ͑for 0 ഛ ഛ 2͒
A out ‫ץ‬T ss,n ‫ץ‬r ͑r n ,͒ + B out T ss,n ͑r n ,͒ = C out ͑͒ ͑19͒
• Periodic boundary conditions ͑for r i−1 ഛ r ഛ r i , where i =1,2, . . . ,n͒
• Interface of the ͑i −1͒st and the i th layer ͑for 0 ഛ ഛ 2, where i =2, . . . ,n͒
4 Solution to the Homogenous Transient Problem 4.1 Separation of Variables. Substituting the product form
in Eq. ͑9͒ and applying separation of variables yield the following ordinary differential equations ͑ODEs͒.
where i = 1,2, . . . ,n ͑25͒
͑27͒
where i 2 are constants of separation.
General Solution.
In view of the ODEs listed above, a general solution for Eq. ͑9͒ may be realized as
where continuity of the heat-flux at the layer interfaces requires the following relationship between the ith imp and 1mp to hold ͓15,16,21,22͔,
͑29͒
The radial ͑transverse͒ eigenfunction, R imp ͑ imp r͒ in Eq. ͑28͒ is
and the corresponding orthogonality condition is ͓18͔
where J m and Y m are Bessel functions of the first and second kind of order m, respectively. N rmp is normalization integral in the r-direction. For the angular eigenfunctions ⌰ m ͑͒-formed via combination of constant sin͑m͒ and cos͑m͒-the standard orthogonality condition is valid ͓21͔.
Radial (Transverse) Eigencondition.
Application of the boundary conditions ͑Eqs. ͑10͒ and ͑11͒͒ and interface conditions ͑Eqs. ͑14͒ and ͑15͒͒ to the transverse eigenfunction R imp ͑ imp r͒ yields a ͑2n ϫ 2n͒ matrix for each integer value of m. Transverse eigencondition is obtained by setting the determinant of this matrix equal to zero. Roots of which, in turn, yield the infinite number of eigenvalues 1mp corresponding to the first layer for each integer value of m.
Determination of Coefficients a imp and b imp .
Coefficients a imp and b imp in the radial eigenfunction R imp ͑ imp r͒ ͑see Eq. ͑30͒͒ are evaluated from the following recurrence relationship, obtained from the ith interface condition, valid for i ͑1,n −1͒:
where b 1mp =−͑C 1in / C 2in ͒a 1mp , and a 1mp is arbitrary.
Determination of
Coefficients D 0p , D mp , and E mp . Coefficients D 0p , D mp , and E mp in Eq. ͑28͒ are evaluated by applying the initial condition ͑Eq. ͑16͒͒ and then making use of the orthogonality conditions in the radial and angular directions, as follows 
Absence of imaginary Radial Eigenvalues
In general, transverse eigenvalues for multilayer timedependent heat conduction problems in Cartesian coordinates may be imaginary ͓16͔. Same is true for 2D ͑r , z͒ cylindrical coordinates. The eigenvalues are imaginary due to the explicit dependence of the transverse eigenvalues on those in the remaining direction͑s͒. For example, in a two-layer homogenous heat conduction problem with layers in the x-direction, the general solution in the ith layer is ͓15,16͔
where imp and m are eigenvalues in the x-and y-directions, respectively; and X imp ͑ imp x͒ and Y m ͑ m y͒ are the corresponding eigenfunctions.
For heat-flux to be continuous at the interface ∀t
Clearly, the relationship above may result in either real or imaginary transverse eigenvalues ͓13,15,16͔. However, in the present case, similar considerations led to Eq. ͑29͒, which is similar to what has been established for 1D multilayer time-dependent problems and eliminates the possibility of imaginary eigenvalues. Moreover, physical considerations dictate that eigenvalues should be real ͑both in the present and the corresponding 1D case͒ because imaginary eigenvalues will result in exponentially growing temperatures. In contrast, the solution given in Eq. ͑36͒ can have a physically realizable solution even in the case where eigenvalues in one of the directions are imaginary.
It should be noted that, though there is no explicit dependence between radial and angular eigenvalues, the order of the Bessel functions constituting radial eigenfunctions is determined by the angular eigenvalues. Hence, the radial eigenvalues implicitly depend on the angular eigenvalues. Moreover, unlike in Cartesian coordinates, this implicit dependence does not vanish even if ␣ 1 = ␣ i ͑i 1͒. In fact, it exists even for single-layer problems.
Solution to the Inhomogeneous Steady-State Problem
The inhomogeneous steady-state problem is solved using the eigenfunction expansion method. The steady-state temperature distribution, governed by Eq. ͑17͒, may be written as a generalized Fourier series in terms of angular eigenfunctions,
͑39͒
Substituting Eq. ͑39͒ in Eq. ͑17͒ leads to the following ODEs:
where the source term g i ͑r , ͒ is expanded in a generalized Fourier series as
Similarly, C in ͑͒ and C out ͑͒ in Eqs. ͑18͒ and ͑19͒ may be expanded in a generalized Fourier series to yield boundary conditions for ODEs in Eqs. ͑40͒-͑42͒. Solutions for the Euler equations, Eqs. ͑40͒ and ͑41͒ are given by where f pc ͑r͒ and f ps ͑r͒ are particular integrals, which can be evaluated by the application of method of variation of parameters or method of undetermined coefficients. The constants A c,i , A s,i , B c,i , and B s,i may be evaluated using boundary and interface conditions for T c,im ͑r͒ and T s,im ͑r͒. Once ĝ i0 ͑r͒ are evaluated, the solution for T i0 ͑r͒ is straightforward.
Illustrative Example and Results
A three-layer annulus ͑r 0 ഛ r ഛ r 3 , 0ഛ ഛ 2; see Fig. 2͒ is initially at a uniform zero temperature. For time t Ͼ 0, -dependent heat flux given by
is applied at the outer surface ͑r = r 3 ͒ while the inner surface ͑r = r 0 ͒ is maintained isothermal at zero temperature. This leads to the coefficients A in =0, B in =1, A out = k 3 , B out =0, C in ͑͒ = 0, and C out ͑͒ = qЉ͑r 3 , ͒ in the respective boundary condition equations. There is no volumetric heat generation in any of the layers, i.e., g i ͑r , ͒ =0.
Parameter values used in this problem are
, r 2 / r 0 = 4, and r 3 / r 0 = 6. These have been arbitrarily chosen and do not, in any way, simplify the solution.
It should be noted that, in the results that follow, r, t, and T i ͑r , , t͒ are in the units of r 0 , r 0 2 / ␣ 1 , and, q 0 r 0 / k 1 , respectively. For this particular problem, the infinite series solution for the complementary transient temperature T i ͑r , , t͒ is truncated at p = P and m = M leading to
where i ͑r , , t ; M , P͒ is the truncation error. Since 1mp increases with increasing m and p, it is obvious that for a given M and P, 
However, T ss,i ͑r , ͒ is also evaluated as a series solution ͑see Eq. ͑39͒͒ and hence, the above equation can be written as
A good estimate of i ͑r , , t =0; M , P͒ may be obtained only if ss,i ͑r , ; M ss ͒ Ӷ i ͑r , , t =0; M , P͒. The above requirement may be fulfilled by including, not surprisingly, a large number of terms in the steady-state series solution so as to minimize the steadystate truncation error. The maximum difference between the steady-state temperatures obtained with M ss = 45 and M ss =50 is found to be of the order of 10 −5 , therefore, this series is truncated at M ss = 50.
The maximum percent error defined as max͑͑r , , t =0͒͒ / ͑T ss,max − T ss,min ͒ is evaluated for various values of M and P. For M = P = 6, 8, and 10, the error is 2.25%, 1.69%, and 1.36%, respectively.
Isotherms in the three-layer annulus are shown for different t values in Fig. 3 . At any time t, maximum and minimum temperatures are observed on the outer edge of the annulus ͑r = r 3 ͒ at angular locations = / 2 and 3 / 2, respectively. Temperature kinks ͑or discontinuity in temperature slopes͒ are clearly visible in the isotherms indicating different thermal properties of the three layers. Additionally, radial temperature variations at distinct angular positions are shown in Fig. 4 . At any given ͑r , t͒, maximum and minimum temperatures are observed at = / 2 and 3 / 2, respectively, as expected, since the incoming heat-flux is symmetric in 0 ഛ ഛ and has a maxima at = / 2. The results shown in Figs. 3 and 4 are obtained with M = P = 10.
Conclusions
In this paper, an analytical solution to the asymmetric transient heat conduction in a layered annulus is presented. Each layer can have spatially varying but time-independent volumetric heat source. Inhomogeneous boundary condition of the first, second, or the third kind can be applied in the radial direction. The proposed solution is also applicable to the layered-structures with inner radius r 0 =0.
It is noted that the solution of the multilayer two-dimensional heat conduction problem in polar coordinates is not analogous to the corresponding problem in multidimensional Cartesian coordinates ͑or 2D cylindrical r -z coordinates͒. In polar coordinates, dependence of the eigenvalues in the transverse direction on those in the other direction is not explicit. The absence of explicit dependence leads to a complete solution, which does not have imaginary transverse eigenvalues. Numerical evaluation of the Transactions of the ASME double-series solution shows that a reasonable number of terms are sufficient to obtain results with acceptable errors for engineering applications.
